Abstract. We extend the techniques employed by Garibaldi to construct a map Sp 2n × Sp 2m → Spin 4nm for all values of n and m. We then show how, depending on the parities of n and m, this map induces injections between central quotients, for example PSp 2n × PSp 2m ֒→ HSpin 4nm when n and m are not both odd. Additionally, we calculate the Rost multipliers for each map we have constructed.
Degree three cohomological invariants of semisimple linear algebraic groups as given in [GMS] have been recently studied and computed in [Ba17] , [GQ08] , [Me16] , [MNZ] and others. Rost multipliers played an important role in those computations. In this paper using the Steinberg construction of Chevalley groups we introduce a new map between semisimple linear algebraic groups, and compute the associated Rost multipliers. Our key motivating example is a map PGL 2 × PSp 8 ×µ 2 ֒→ HSpin 16 constructed by Garibaldi in [Ga09, §7] . We generalize this construction to prove, among other results, that when one or both of n, m are even we have an inclusion φ ′ : PSp 2n × PSp 2m ֒→ HSpin 4nm . Also, we compute the Rost multipliers (a, b) of this map which depend only on m and n modulo 4, where φ ′ * (q HSpin 4nm ) = (aq PSp 2n , bq PSp 2m ) and q is the normalized Killing form: 0 1 2 3 0 (m, n) ( (m, n 2 ) We expect these results can be used to study cohomological invariants of algebras with orthogonal involutions.
The paper is organized as follows. First, we explain Garibaldi's construction in the case n = 2, m = 8. Next we construct our inclusion as well as other maps. Lastly we compute the Rost multipliers associated to those maps. The map PGL 2 × PSp 8 ֒→ HSpin 16 . Let F be an algebraically closed field. Consider the Kronecker tensor product map ρ :
(This P differs slightly from the one given in [Ga09] .) We restrict our attention to the groups
, and
In particular we have a map
where the first map is the Kroencker tensor product map, and the second is conjugation by P . As noted in [Ga09] , the restriction ϕ : T 2 × T 8 → T 16 is described on Chevalley generators by the following table 
where the first map is the Kronecker tensor product map, and the second map is conjugation by the matrix P .
We now track the images of the Chevalley generators as per appendix 1 and 2, and then construct φ : Sp 2n × Sp 2m → Spin 4nm . The images within Spin 4nm are given by the same expressions as in SO 4nm which are
After setting these images, it can be verified computationally using the information in appendix 3 and 4 that φ is a well-defined homomorphism. For example, if we consider x ei−ej (t) · x ei −ej (u) = x ei −ej (t + u) ∈ Sp 2n , this is mapped as follows:
The computations for all other relations are analagous. The restriction to the maximal tori of Sp 2n × Sp 2m follows from above. For 1 ≤ i ≤ n − 1 and 1 ≤ j ≤ m − 1, we obtain
Theorem 1. There exists a homomorphism φ : Sp 2n × Sp 2m → Spin 4nm for any positive integers n, m which is a lifting of the conjugated Kronecker tensor product map ϕ : Sp 2n × Sp 2m → SO 4nm . When one or both of n and m are even, we have that ker(φ) = {(I 2n , I 2m ), (−I 2n , −I 2m )} ∼ = µ 2 and there is an induced injection φ ′ : PSp 2n × PSp 2m ֒→ HSpin 4nm .
In the remaining case when both n and m are odd, φ is injective. Additionally, there is an induced injection
Proof. The existence and details of φ were justified in the above discussion, and it is a lifting since φ was defined to mirror ϕ. We now track the central elements of Sp 2n × Sp 2m using the images given above and referring to [GQ08, Example 8.4, Example 8.6] for a description of these elements. Letting 2nm−1 j=1,j odd h δj (−1) := ξ and h δ2nm−1 (−1)h δ2nm (−1) := −1, the calculations yield the following. In the cases where n or m is even, we have (I 2n , I 2m ) → 1 (−I 2n , I 2m ) → ξ (I 2n , −I 2m ) → ξ (−I 2n , −I 2m ) → 1 and in the cases where n and m are odd,
It is clear that when n or m is even, ker(φ) = {(I 2n , I 2m ), (−I 2n , −I 2m )} ∼ = µ 2 . Therefore, we obtain an injective homomorphism γ : (Sp 2n × Sp 2m )/µ 2 ֒→ Spin 4nm .
Then since the center of (Sp 2n × Sp 2m )/µ 2 is {1, [(I 2n , −I 2m )]} which maps via γ to {1, ξ} ⊆ Spin 4nm , and since Spin 4nm /{1, ξ} := HSpin 4nm we see that the kernel of the composition
Next we note that we have the following isomorphism;
× PSp 2m and so by the first isomorphism theorem we have the desired injection
In the case when both n and m are odd, it is clear from above that φ is a bijection between the centers of Sp 2n × Sp 2m and Spin 4nm . Therefore, by an analogous argument the composition
has kernel Z(Sp 2n × Sp 2m ) and therefore induces the injection
Proposition 2. For each 1 ≤ i ≤ 2nm consider the unique decomposition i = 2mj + k with 0 ≤ j ≤ n − 1 and 1 ≤ k ≤ 2m.
Then for e i ∈ T * Spin 4nm
evaluates as
Additionally φ * 1 2 (e 1 + . . . + e n ) = m(e n , 0).
Proof. Consider a generic element
and compute φ(g). Through extensive juggling of indices we obtain the following expression, where we write h i (t) = h δi (t) for clarity.
The result then follows from using this expression to compute the images of φ * . For example, we have (φ * (e 1 ))(g) = e 1 (φ(g)) = t 1 u 1 = (e 1 , e 1 )(g) and so φ * (e 1 ) = (e 1 , e 1 ).
Proposition 3. When at least one of n, m is even, the map
is the restriction of φ * to T * HSpin 4nm
. When both n, m are odd, the map
is the restriction of φ * to T * PSO4nm )) in terms of normalized Killing forms. Letting q n = n i=1 e 2 i , note that the normalized Killing forms of these groups are
Then since φ * is extended by defining φ * (a ⊗ b) = φ * (a) ⊗ φ * (b) on generators a, b and extending linearly, it can be computed using Proposition 2 that
Note that since they are restrictions of φ * , we have φ ′ * (cq 2nm ) = cφ * (q 2nm ) and φ ′′ * (cq 2nm ) = cφ * (q 2nm ) for all c ∈ F such that these images are defined. The Rost multipliers for each map are then determined by simply keeping track of coefficients
for the values (a, b) depending on n, m (mod 4) as given below.
Comparison to Garibaldi's Example. We end by noting that the results given above agree with the Rost multipliers appearing in [Ga09] 
is trivial in all cases except the following:
Appendix 4. The commutators of Sp 2n . For integers i, j, k, l ∈ [1, n] with i < j, k, l and k < l, and for a 1 , a 2 , a 3 , a 4 ∈ {1, −1}, the commutator (x a1ei+a2ej (t), x a3e k +a4e l (u)) is trivial in all cases except the following: j = k :(x a1ei+a2ej (t), x −a2ej +a3e l (u)) = x a1ei+a3e l (ctu) i = k, j = l :(x a1ei+a2ej (t), x a3e k −a2ej (u)) = x a1ei+a3e k (ctu) i = k, j = l :(x a2ei+a1ej (t), x −a2ei+a3e l (u)) = x a1ej +a3e l (ctu) j < l x a3e l +a1ej (ctu) l < j.
where c = a 2 · min{a 1 a 2 , −a 2 a 3 }. Furthermore, (x a1ei+a2ej (t), x a1ei−a2ej (u)) = x 2a1ei (−2a 2 tu) (x a1ei+a2ej (t), x −a1ei+a2ej (u)) = x 2a2ej (−2a 1 tu) (x a1ei+a2ej (t), x −2a1ei (u)) = x −a1ei+a2ej (a 2 tu) · x 2a2ej (−a 1 a 2 t 2 u) (x a1ei+a2ej (t), x −2a2ej (u)) = x a1ei−a2ej (a 1 tu) · x 2a1ei (−a 1 a 2 t 2 u)
For commutators where k is the minimal index involved instead of i, simply take the inverse of the appropriate relation above. The constants for Sp 2n were calculated using the trivial representation sp 2n ֒→ M 2n (F). The constants for Spin 2n were calculated within SO 2n using the trivial representation so 2n ֒→ M 2n (F). By [St67, Lemma 15 .1] these constants do not depend on the chosen representation of so 2n and so also apply to Spin 2n .
